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Abstract. In this article we prove an analogue of the equidistribution of preimages theo- 
rem from complex dynamics for maps of good reduction over nonarchimedean fields. While 
in general our result is only a partial analogue of the complex equidistribution theorem, for 
most maps of good reduction it is a complete analogue. In the particular case when the 
nonarchimedean field in question is equipped with the trivial absolute value, we are able to 
supply a strengthening of the theorem, namely that the preimages of any tame valuation 
cquidistribute to a canonical measure. 



1. Introduction 

Ergodic methods play a central role in studying the dynamics of morphisms /: X — > X 
of complex projective varieties. At the heart of these methods are equidistribution results, 
which allow one to construct dynamically interesting /-invariant probability measures on X. 
The most important of these is the equidistribution of preimages theorem, which will be the 
focus of the present article. 

Theorem (Equidistribution of preimages over C). Let X be an irreducible complex projective 
variety, and let f : X — >■ X be a polarized dynamical system of degree d > 2. Then there is 
an f -invariant probability measure [if on X and a proper Zariski closed subset Sf C X such 
that the iterated preimages of any x G X \ Sf equidistribute to [if. 

Polarized dynamical systems are, roughly speaking, those which arise from endomorphisms 
of projective space. More precisely, / is polarized if it is obtained by restricting a morphism 
F: P r c — > P r c of degree d to an invariant subvariety X C P r c . See §4 for further discussion. 

Brolin was the first to observe this phenomenon; he proved the theorem in the case where 
X = Pq and / is a polynomial, using potential theoretic methods [Bro65j. Two decades later 
the result was extended independently by Ljubich |Lju83| and Freire-Lopes-Mane [FLM83J 
to rational maps on Pq. Following earlier work by Fornaess-Sibony |FS95j . the theorem was 
proved for endomorphisms of P r c by Briend-Duval [BD01] and Dinh-Sibony [DS03J. In the 
above generality, equidistribution was proved more recently by Dinh-Sibony [DS08J. Along 
the way, similar results regarding the equidistribution of pullbacks of positive closed (1,1)- 
currents have been shown, see for instance [Sib99j . |Gue03j . [F J03] . |DS08j . and |Parllj . 

The equidistribution theorem does not carry over in any obvious way to endomorphisms of 
varieties over nonarchimedean fields. Because of their topological flaws, many of the analytic 
techniques used in the complex setting are not available over these fields. In particular, the 
notion of Radon measure does not make sense over nonarchimedean fields, so one cannot 
speak of weak convergence of measures, making equidistribution problems ill-posed. 
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To overcome these topological obstacles, one must eschew working on projective varieties 
X over a nonarchimedean field K, and instead work over their Berkovich analytification X an . 
The spaces X an are compact Hausdorff and naturally contain X as a subspace. Moreover, 
any endomorphism / of X extends to an endomorphism f an of X an , allowing one to study 
the dynamics of / by working in X an . Because X an is compact Hausdorff, one has the notion 
of Radon measure, making it possible to study equidistribution problems. 

A nonarchimedean analogue of the equidistribution theorem has recently been proved for 
rational maps /: P^ an — > P]f n by Favre and Rivera-Letelier |FRL10j . see also |Jonl21 §5]. A 
quantitative strengthening of this theorem has recently been obtained by Okuyama |Okul 2aj. 
who has also studied nonarchimedean equidistribution of repelling points |Okul2bj . Their 
methods are potential theoretic in nature, and, at least for the moment, do not extend to 
endomorphisms of P^- an for r > 1. In a separate result, Chambert-Loir has constructed an 
/-invariant probability measure /// on X an for polarized dynamical systems /: X an — > X an 
of a projective variety X over K |CL06j , and Yuan has used this construction to prove 
an equidistribution result for points of small height for morphisms defined over number 
fields |Yua08] . see also the related results in [SUZ97] . [BR06j . |FRL06| . [UL06] . [Gub08j . and 
[Fab09] . It is not clear from these works, however, that one has equidistribution of preimages 
to fif for such a map. Nonetheless, we conjecture the following. 

Conjecture. Let K be an algebraically closed complete nonarchimedean field, allowing the 
possibility of a trivial absolute value, and let X be an irreducible projective variety over K . 
Suppose f : X — )■ X is a flat polarized dynamical system of degree d > 2. Let x G X an 
be any point, and let Y C X be the smallest totally invariant Zariski closed set such that 
x G Y an C X an . Let Y cy be the unique component ofY such that x G Y^ n , and letm>l 
be an integer such that f~ m (Y ) = Y . Then the iterated f m -preimages of x equidistribute 
the Chambert-Loir measure associated to the dynamical system f m : Y^ n — > 



r aii 



The goal of this article is to study the validity of this conjecture in the case where / is a 
map of good reduction. Our main result is the following, which we state, for simplicity, only 
in the case of endomorphisms of projective space. 

Theorem A. Let K be an algebraically closed complete nonarchimedean field, possibly with 
trivial absolute value, and let k be the residue field of K. Let f : P r K — > P r K be a morphism 
of degree d > 2 with good reduction, and let f : ~P r k — > P r k be the reduction of f . Suppose that 
the characteristic of k does not divide d. Then 

1. there is a maximal proper Zariski closed subset $ <zP r k such that f~ x {$) = $ '. 

2. for every x G P^- an whose reduction does not lie in <S , the iterated preimages of x 
equidistribute to the Dirac probability measure supported at the Gauss point ofP r ^ n . 



In particular, if $ — 0, the\conjecture\ holds for f 



The case when K is equipped with the trivial absolute value deserves special note here, for 
in this case all morphisms / : P r K — > P r K have good reduction. Moreover, generic morphisms 
/ will satisfy the condition $ = 0. Thus [Theorem Al gives the full equidistribution theorem 
for most endomorphisms / of P r K when K is trivially valued. However, in the case when 
S ^ 0, ITheorem Al is strictly weaker than the conjecture, as there will be many points 
x G P^- dn whose reduction lies in S but whose preimages still equidistribute to the Dirac 
probability measure at the Gauss point. Our next main theorem illustrates this. 
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Theorem B. Suppose K is a trivially valued algebraically closed field and f: P r K — > P r K is 
a morphism of degree d > 2. Assume char(i^) \ d. Then the preimages of any divisorial 
point x G P^- an equidistribute to the Dirac mass at the Gauss point ofP r ^ n . 

A divisorial point point corresponding to a valuation on the function field 

of P r K which is proportional to the order of vanishing along an exceptional prime divisor of 
some blowup X — > P r K of P r K . Such points are dense in P^- an . We will actually prove the 
theorem holds of a more general class of points x G P^ an , which we call tame points. See §9 
for details. 

We expect ITheorem Bl to hold in the case when K is nontrivially valued, as well, and it 
is even possible that our proof of the theorem can be carried out in this case. However, a 
direct translation of the proof would require intersection theory over the valuation ring K°, 
a complication we mean to avoid here. 

Though we do not prove the conjecture for all morphisms / of good reduction, we are able 
to give a simple argument for a slightly weaker equidistribution result, which at the very 
least supplies some evidence for the veracity of the conjecture when K is trivially valued. 

Theorem C. Let K be a trivially valued algebraically closed field, and let f : P^ — > P T K be 
a morphism of degree d > 2. Assume that chai(K) { d, and, moreover, that every totally 
invariant cycle for f is superattracting. Let x G P^ an be such that x ^ Y an for any proper 
totally invariant Zariski closed set Y C P r K . Then the Cesaro means 

1 n— 1 

converge weakly to the Dirac mass at the Gauss point o/P^- an as n — > oo. 

The term superattracting here means the following. If V C P r K is an irreducible subvariety 
which is periodic in the sense that f s (V) = V for some s > 1, then this periodic cycle is 
superattracting when there is an n > 1 such that f ns *my C m y , where my is the maximal 
ideal of the local ring Op^ v . This generalizes the standard notion of a superattracting cycle 
in dimension r — 1. 

It should be noted that the proofs we give for Theorems A\ IB ] and [C] use heavily that the 



map / under consideration has good reduction. Proving the |conjecture] for general / would 
require new tools. 

The majority of this article will be spent proving [Theorem A[ The idea behind the proof is 
simple: we will approximate the dynamics of / on P^- an by the dynamics of the reduced map 
/ on P r k . Specifically, we will prove a version of ITheorem Al for /: P r k — > P r k , and then lift it 
to the Berkovich setting via the reduction map. As a consequence, roughly the first half of 
this article will be spent not in the Berkovich setting, but in the classical algebro-geometric 
setting of varieties over k. 

In §2 through §4 we develop the tools needed to prove the equidistribution theorem in 
the classical algebro-geometric setting. In §2, we will discuss two multiplicities associated to 
finite endomorphisms of projective varieties. In §3, we briefly develop a language of Borel 
measures on projective varieties, and, crucially, the notion of a pull-back of such a measure 
via a finite morphism. In §4 we adapt common techniques for detecting totally invariant 
behavior from the setting of complex dynamics to dynamics over the (arbitrary) algebraically 
closed field k. It is here that we prove statement (1) in ITheorem A\ the existence of a finite 
exceptional set, and here that the assumption char(fc) \ d comes into play. 
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Finally, in §5, we prove the equidistribution theorem in the classical algebro-geometric 
setting, namely, for noninvertible polarized endomorphisms of projective varieties over k. 
This theorem is the technical heart of ITheorem A\ but is also interesting in its own right as 
a nearly complete analogue of the complex equidistribution theorem in the purely algebraic 
setting. 

Beginning in §6, we move on to the Berkovich setting. In §6 we briefly review the Berkovich 
analytification of varieties over nonarchimedean fields K, discuss multiplicities associated to 
finite morphisms of analytic varieties, and define the pull-back of Radon measures on these 
varieties. In §7 we will discuss models of analytic spaces, the notion of reduction, and define 
precisely what we will mean by a map of good reduction. Finally, §8 is devoted to the proof 
of ITheorem Al and §9 to the proofs of lTheorems Bl andlCl 
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2. Multiplicities associated to finite morphisms 

In this section we briefly review some basic algebro-geometric concepts we will need later. 
The setup for the entirety of this section is as follows. Let k be an algebraically closed field, 
and let /: X — > Y be a finite surjective flat morphism between two irreducible varieties 
over k. Many of the statements in this section hold in greater generality, but for the sake 
of concreteness we will stick to this very specific situation. The flatness assumption will be 
needed throughout this article. We note, however, that in the case where X and Y are both 
smooth, any finite surjective morphism f:X—>Yia flat. We will always regard X and Y 
as schemes, thus allowing for non-closed points. 

The goal of this section is to define two multiplicities associated to /, and to discuss their 
relationship. The first assigns to every point x G X an integer rrif(x) that we will call the 
multiplicity of / at x. The multiplicity function mf. X — > N will be used in §3 to define the 
pull-back of measures on varieties. The second assigns to each point i6lan integer Vf(x), 
which will be called the generic multiplicity of / at x. The generic multiplicity function 
Vf : X — > N will be used in §4 to detect totally invariant behavior in dynamical systems. 

We begin by fixing notation. The structure sheaves of X and Y will be denoted Ox and 
Oy . If x G X is a point, then denotes the maximal ideal of the local ring Ox,x, and k(x) 
denotes its residue field; similar notation is used for points of Y. Recall that the degree of 
/ is the degree of the field extension k(X)/ f*k(Y), where k(X) and k(Y) are the function 
fields of X and Y. This degree will be written [X \f Y]. Similarly, [X \f Y] s and [X \f Y\i 
will denote the separable and purely inseparable factors of this degree. 

The main definition of the section is the following. 

Definition 2.1. Let x G X and y = f(x). The multiplicity of / at x is the integer 



m f (x) := dim K{y) (Ox,x/m y O x ,x), 
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where Ox, x is viewed as an Oy i?r module via /. Let E = {x} and F = {y}. Then the generic 
multiplicity of / at x is the integer 

v f (x) :=[E : f F]iX length 0xx (O x ,x/m y O x ,x)- 

It will sometimes be convenient to write rrif(E) and Vf(E) in place of m,f(x) and Vf(x). 

Lemma 2.2. Let (A,xa) and (B,n) be Noetherian local rings, with B a finite flat A-module. 
Let a be an m-primary ideal of A. Then the following identities hold: 

1. lengthy (B/aB) = lengthy (A/a)length fl (.B/m£). 

2. lengthy (B/aB) = lengthy (B/aB)[B/n : A/m}. 

Proof. (1) Let A/a = I D I\ 2 ' ' ' 2 In — be a composition series of A/ a. Since A is 
local, the successive quotients Ij/Ij+i are each isomorphic to A/m. Because B is a flat over 
A, one obtains a filtration B / aB = B ® A Io ^ B <8u h ^ • • • ^ B <8u In = of B / aB, whose 
successive quotients are (B ® A h)/(B ® A h+\) = B ® A (h/h+i) = B ® A A/m = B/mB. 
Thus length s (S/a-B) = N x lengthy (B/mB), as desired. 

(2) Now fix a composition series B/aB = J 2 Ji 2 ' ' * 2 Jm = of B/aB as a B- module. 
Since B is local, the quotients Jj/Jj + i are all isomorphic to B/xi. Thus 

lengthy (B/aB) = M x length A (5/n) = M x [S/n : A/m], 

as desired. □ 

Proposition 2.3. The multiplicity functions mf. X — > N and t>/: X — » N are related as 
follows. Let x G X and y = f(x). Let E = {x} and F = {y}. Then 

m A x ) = v f( x )i E -f F\s- 
In particular, if x is a closed point, then rrif(x) = v$(x). 



Proof. Applying Lemma 2.2(2) to the case where A = n(y), a = 0, and B = Ox, x /m y Ox,x 
yields dim^ y) (O x ,x/m y O x ,x) = \ength 0xx (Ox,x/m y Ox,x) X [k{x) : n(y)], which is exactly the 
desired identity rrif(x) = Vf(x)[E \f F] s . If x and y are closed points, then k(x) = n(y) = k, 
since k is algebraically closed. Thus [E \f F] — 1 in this case, so that rrif(x) = Vf(x). □ 

Theorem 2.4. Every point y eY has exactly [X \f Y] preimages when counted according 
to their multiplicity. That is, [X :jY] = ^2f^ x ) =y rrif(x). 

Proof. Since / is finite and flat, f*O x is a locally free Oy-module of some rank r < oo. The 
fiber of f*Ox at a point y G Y is 

(f*Ox)y/xn y (f*Ox)y= Ox,x/m y O x ,x. 

Comparing the ft(|/)-dimension of both sides of this isomorphism, we see r = Ylf(x)=y m f( x )- 
In the special case where y is the generic point of Y, this identity yields r = [X \j Y\. □ 

Proposition 2.5. Suppose that g: Y — > Z is another finite surjective flat morphism between 
irreducible varieties. Let x G X andy = f(x). Then the multiplicity and generic multiplicity 
are multiplicative in the sense that m go f(x) = mf(x)m g (y) and v go f(x) = Vf(x)v g (y). 
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Proof. By Proposition 2.3 it is enough to show that the generic multiplicity is multiplicative. 
Moreover, since degrees of inseparability for field extensions are multiplicative, it suffices to 
show that 

lengthy x (O x ,x/m g (y)Ox,x) = lengthy x (O x , x /m y O XjX ) x lengthy (O^/mj^O^). 



This is exactly Lemma 2.2(1) □ 



Theorem 2.6 (Lejeune-Jalabert and Teissier). There is a coherent sheaf J 7 on X whose fiber 
dimensions are given by Vf. As a consequence, the generic multiplicity function Vf\ X — > N 
is Zariski upper semicontinuous. 

Sketch. The sheaf J 7 is constructed as follows. Let Z = X x f X, and let X denote the ideal 
sheaf of the diagonal AC2. Let tt : Z — > X be the projection onto the first coordinate. We 
then set J 7 = 7r*(Oz/T n ), where n is a large enough integer (n > [X :j 7] will suffice). The 
fiber dimension of J 7 at any (not necessarily closed) point x is computed in proposition 4.7 
of [LJT74j to be exactly Vf(x). The upper semicontinuity statement is then a consequence 
of Nakayama's Lemma, see [Har77l Example III. 12. 7.2]. □ 

ITheorem 2.61 gives the reason behind the name generic multiplicity of Vf. Indeed, if x G X 
is any point, then the upper semicontinuity of vj implies that Vf(x) = Vf(z) = rrif(z) for a 
nonempty Zariksi open subset of closed points z specializing x. That is, v f(x) is given by 
the multiplicity of / at general closed points specializing x. 

Lemma 2.7. There is a nonempty Zariski open set U C7 such that any closed point y EU 
has exactly [X :j Y] s preimages in X . 

Proof. Without loss of generality, we may assume that X and Y are both affine an smooth, 
with coordinate rings k[Y] C k[X]. Let L be the unique intermediate field k(Y) CLC k(X) 
such that L is separable over k(Y) and k(X) is purely inseparable over L. Let A be the 
integral closure of k[Y] in L. Then A is the coordinate ring of some irreducible affine variety 
Z (see [Eis95[ Corollary 13.13]), and the inclusions k[Y] CiC k[X] induce morphisms 

/ 



X »Z >Y 

9 h 

Since k(X) is purely inseparable over L, each maximal ideal of A has only one maximal ideal 
in k[X] lying over it, so g is injective. It therefore suffices to prove the theorem for h, i.e., we 
may assume without loss of generality that [X \f Y]i = 1. In this case, the lemma is proved 
in [Sha94l §11.6.3]. □ 

Proposition 2.8. Let E C X be an irreducible closed subvariety, and set F = f(E). Let z 
denote the generic point of E. Then there is a nonempty Zariski open subset U of F such 
that for all y G U , 

rrif(z) = mf(x). 
xef-Hy^E 

Proof. Using [Lemma 2.71 and the fact that Vf is upper semicontinuous, there is a nonempty 
open subset U of F with the following two properties: 

1. If y G U is a closed point, then y has exactly [E : F] s preimages in E. 

2. If y G U is a (not necessarily closed) point, then vj(x) = Vf(z) for all z G f~ l {y) H E. 



EQUIDISTRIBUTION OF PREIMAGES FOR MAPS OF GOOD REDUCTION 



7 



Suppose that y G U, and let x±, . . . ,x r be the preimages of y lying in E. Set W = {y} and 
Vi = {xi} for each i. Again by lLemma 2.71 there is some closed point w G W R U such that 
f~ 1 (w) fl £/ C V\ U • • • U V r and moreover that w has exactly [Vi : W] s preimages in Vi for 
each %. But then 

r r r 

J2 m f( x i> = 52MxiM ■ w \s = v f (z) ■ w \s = v f (z) x #r x H n e 

i=l 8=1 j=l 

= « / (z)[S:F] a = m / (z). 
This completes the proof. □ 

3. Measures on classical varieties 

In order to state and prove an equidistribution theorem for classical varieties, we need to 
have a language of measures and weak convergence of measures on varieties. Such a language 
is developed in detail in |Gigl2| . In this section we will review the relevant definitions and 
results, as well as define a pull-pack operation for measures under certain morphisms. The 
setup for this section is the same as in the previous, namely, we let /: X — > Y be a finite 
surjective flat morphism between irreducible varieties over an algebraically closed field k. It 
is absolutely essential that X and Y be viewed as schemes, allowing for non-closed points; 
not all results in this section will be true otherwise. 

We denote by Ai(X) and Ai(Y) the real vector space of all finite signed Borel measures on 
X and Y with respect to their Zariski topology. We let SC(X) denote the real vector space 
of all semicontinuous functions functions on X, that is, all functions g : X — » R of the form 
g = hi — h 2 , where hi'. X — > R is a bounded upper semicontinuous function. Similarly we 
let SC(Y) denote the space of semicontinuous functions on Y. We equip both SC(X) and 
SC(Y) with the supremum norm, making them into normed linear spaces. The following 
structure theorem is proved in [Gi gl2| . 

Theorem 3.1. We have the following characterization of measures on X. 

1. Any measure /i G Ai(X) can be written uniquely as an absolutely convergent sum 
fj, = J2xex c x$x, where c x G R for each x, and 5 X denotes the Dirac probability 
measure at x. 

2. Integration induces a duality Ai(X) = SC(X)*, analogous to the duality between 
Radon measures and continuous functions on a compact Hausdorff space. 

The isomorphism Ai(X) = SC(X)* allows one to pull back both the weak and the strong 
topologies from SC(X)* to Ai(X). A sequence \i n G M.{X) converges in the weak topology 
to a measure fi G Ai{X) if and only if fi n (E) — > fi(E) for each closed set E C X. The 
collection of Borel probability measures on X is both compact and sequentially compact in 
the weak topology. 

There is, of course, an analogous theorem for Y. We now use the results of the previous 
section to define a pull-back operator /*: Ai(Y) — > M.(X). 

Proposition 3.2. There is a unique linear operator f* : Ai(Y) — > Ai(X) which satisfies the 
following two conditions: 

1. /* is continuous in both the weak and strong topologies. 

2. If ye Y, then f*5 y = T, f ( x )= y m f( x ) S x- 
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For any measure fi £ M.{Y), one has f*f*H = [X if Y\fi, where /* denotes the ordinary 
push-forward operator on measures. If is positive and has total mass R, then /*// is again 
positive, and has total mass [X \f Y]R. 

Proof First, assume that such an operator /* does exist. Let fi £ A4(Y), with jj, = ^2c y S y . 
Let 2/1,2/2, ... be an enumeration of the points y £ Y for which c y ^ 0; there must be a 
countable number, as otherwise the sum c y$y would not converge. Then the measures 
defined by fi^ = 5_)i=i c yAi converge strongly to fi as N — > oo, so by (1) and (2) 

N N 

/> = lim f*»N = lim y^c y J*5 yi = lim V V c yi m f (x)5 x = V V Cym f (x)6 x . 

t=l i=l /(x)=j,i y& f(x)=y 

This derivation shows that /* is uniquely determined. Moreover, combining this equality 
with ITheorem 2.41 yields the remaining statements in the proposition. It then only remains 
to show the existence of /*. 

To prove existence, we will exploit the duality M. = SC* and define /* to be the adjoint of 
a certain linear operator /* : SC(X) — > SC(Y), where SC denotes the Banach space closure 
of SC, i.e., the space of all functions which are uniform limits of semicontinuous functions. 
The operator /* is given by 

(M(y) ■= Yl m f( x )^( x )- 
f(x)=y 

First we must check that /* actually maps SC(X) into SC(Y). Since the vector space 
span of all characteristic functions xe of closed sets E C X is dense in SC(X) by |Gigl2 



Lemma 3.4], it suffices to show that f*XE £ SC(Y) for any closed set E C X. We will 
prove this by contradiction. Let T denote the (nonempty) set of closed sets E C X such 
that f*XE ^ SC(Y). Since X is Noetherian, we can find a minimal element E £ T. If E is 
reducible, say E = E\ U E 2 , then 

f*XE = f*XEi + f*XE 2 — f*XE 1 nE 2 
lies in SC(Y) by the minimality of E, a contradiction. Therefore E must be irreducible. Note 



that f*XE is supported in F = f(E). Furthermore, by Proposition 2.8 there is a nonempty 
open subset U C F such that f*XE = m f (E) on U. Let V = F \ U and W = f~ x {V) n E. 
One then has f*(xE — Xw) = m f(E)xu £ 5(7 (y). By the minimality of E, one also has 
^ 5<7(y). Thus = f*Xw + m f(E)xu £ 5(7(y), a contradiction. We conclude 

that ^ 5(7 (y) for all closed sets E C. X. 

We have therefore given a well-defined linear map /*: 5(7 (X) — >■ 5(7 (V). We must show 
that it is bounded. This follows easily from ITheorem 2A\ since for all y £ Y 



\(M(v)\ = J2tr ^ m A x )<P( x ) ^WvWyZ,, , m f( x ) = y\\i X : f Y \- 

It is immediate that the adjoint /* : M.(Y) — >■ .M (X) of /* is weakly and strongly continuous. 
It remains to show /* satisfies condition (2). Let y £ V and let E C X be closed. Then 

(f*5 y )(E) = I U XE d5 y = (f* X E)(y) = m f^ = E m A x ) 5 *(E). 

xef-Hy^E f(x)=y 

Therefore f*5 y agrees with Yjf( x )=y mf(x)8 x on closed sets. By GigT2"| Lemma 2.7], this is 
enough to conclude that f*5 y = ^2f( x \ =y Tnf(x)6 x . D 
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4. Detecting total invariance 

The goal of this section is to show how the generic multiplicity function Vf defined in 
§2 can be used to detect totally invariant behavior in certain classes of dynamical systems. 
In the complex setting this has been done in multiple ways (see, for instance, [BDOlj and 
[Din09j ). In this section we will generalize the approach of |Din09j to dynamical systems over 
arbitrary algebraically closed fields k. The dynamical systems we consider here are so-called 
polarized dynamical systems. 

Definition 4.1. Let X be an irreducible projective variety over k, and let / : X — > X be an 
endomorphism of X. A polarization of / is an ample line bundle L on X such that f*L = L d 
for some integer d > 1. If a polarization L of / is specified, we will say that / is a polarized 
dynamical system, and write / : (X, L) — > (X, L) to signify this. The integer d will be called 
the algebraic degree of /. Not every / admits a polarization. 

The reason for only considering polarized dynamical systems is that one can, by the 
following theorem of Fakhruddin |Fak03j . always embed such a system into projective space, 
making available certain tools we would not have otherwise. Specifically, the polarization 



assumption will allow us to make certain intersection theory arguments in propositions 4.3 
and 14.41 below. 



Theorem 4.2 (Fakhruddin). Let f: (X,L) — > (X,L) be a polarized dynamical system of 
algebraic degree d. Then there is an embedding ICPJ and a morphism $: P r k — > P r k with 
$*0(1) = 0{d) such that $(X) = X and $| x = /. 

For an overview of ample line bundles and intersection theory, we refer to |EE93l Chapter 
VII]. Given a very ample line bundle L on X and an irreducible dimension q subvariety 

E C X, the degree of E with respect to L is the intersection deg L E := (E ■ L L), 

where here there are q factors of L. If general enough divisors representing L, 

then deg L E is exactly the number of points in the intersection E fl Div(si) D • • • H Div(s 9 ), 
counted with multiplicity. 

Proposition 4.3. Suppose f: (X,L) — » (X,L) is a polarized dynamical system of algebraic 
degree d. Let E C X be an irreducible closed subvariety of dimension q such that f n {E) = E 
for some n > 1. Then [E :jn E] = d nq . In particular, one has [X \f X] = d AlTClX . 

Proof. The projection formula gives that 

[E : f n E] deg L E = deg fn , L E = deg Ld n E = d nq deg L E. 

Thus [E > E] = d nq . □ 

Proposition 4.4. Suppose f : (X,L) — > (X,L) is a polarized dynamical system of algebraic 
degree d. Let W C X be an irreducible subvariety of dimension q, and let F be an irreducible 
subvariety of f n {W). Let E\, . . . , E m be the components of f~~ n (F) contained in W . Then 
there is a C > independent of n and F such that 

m 

J2[Ei-. r F] s <Cd n «. 

i=l 

Proof. Replacing L by a power L s , we may assume with no loss of generality that L is very 
ample. We first prove the inequality in the case where F = x is a closed point of f n {W). Let 
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si,...,s q be sections of L such that f n (W) D Div(si) D • • • fl Div(s g ) is finite and contains x. 
Then one has 

#f~ n (x) n W < #W n / n *Div(si) n ■ • • n / n *Div(s 9 ) < de g/ „* L W = d nq deg L w. 

We may therefore take C = deg L W. To prove the general case, we use Lemma 2.7 to find a 
nonempty open subset U of F with the following property: if x is a closed point of U, then 
every element of f~ n (x) fl W lies in exactly one Ei, and moreover $f~ n (x)C\Ei = [Ei : /n F] s . 
But then if x G U is a closed point, J2il E i : r F )s = #f~ n ( x ) nf < d nq deg L W by what 
has been shown for closed points. □ 

For the remainder of this section, we fix a polarized dynamical system / : (X, L) — > (X, L) 
of algebraic degree d > 2. We assume also that / is flat, so that we can apply all the results 
of §2. Recall that a set A C X is said to be totally invariant if J" 1 (A) = A. This condition 
is strictly stronger than ordinary invariance f(A) = A. We will say that an irreducible 
closed set E C X is part of a totally invariant cycle for / is E is totally invariant for some 
iterate f n of /. In this case F := E U f(E) U • ■ ■ U f n ~ l (E) is totally invariant for /, and / 
permutes the irreducible components of F cyclically. As we shall see shortly in lTheorem 4.9| 
total invariance is something that in many cases can be detected by the generic multiplicity 
function Vf'. X — > N defined in §2. The following functions were first defined and studied 
by Dinh in the complex setting, see |Din09] . 

Definition 4.5. For each point y G X and each n > 1, define 

v- n (y) '■= max Vfn(x) and V-(y) = lim [v_ n (y)] 1,n . 

f n (x)=y n.-s>oo 

The function u_ : X — > N will be called the reverse asymptotic multiplicity function for /. It 
will be convenient to sometimes write V-(E) in place of V-(x) when E = {x}. The following 
theorem shows that V- is indeed well-defined. 

Theorem 4.6 ([Din09j, see also |Gigl2| ). For eachy G X, the limit V-(y) exists. Moreover, 
the reverse asymptotic multiplicity function v _ : X — > R is Zariski upper semicontinuous. 

In order to proceed any further, we will need to make one additional technical assumption 
about the morphism / to rule out complications resulting from inseparable behavior that 
arise when working over fields k of positive characteristic. 

Assumption 4.7. We assume that whenever E C X is an irreducible closed set which is 
periodic for /, say with period n, one has [E -.fn E]i = 1. 



Proposition 4.8. If chai(k) = or char(A;) = p \ d, then Assumption ~%7) is automatically 
satisfied. 

Proof. The proposition is clear when char(/c) = 0, so assume char(fc) = p > and p\d. By 
Proposition 4.3, we have [E :/« E] — c?" dim ( E ) . Since p\ d, it follows that the field extension 



k{E)j f n *k(E) must be separable. □ 

Theorem 4.9. Let f : (X, L) — > (X, L) be a polarized dynamical system of algebraic degree 
d > 2 which is flat and satisfies {Assumption ~%7) , Let E be an irreducible closed subset of 



codimension q in X. Then V-(E) < d q , with equality if and only if E is part of a totally 
invariant cycle for f . 
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Proof. Let m := dim(X). For any n-periodic irreducible closed set F C X, let 



It is shown in Gigl2 that v-(E) = maxv + (F), where the maximum is taken over all periodic 



irreducible closed subsets F C X which contain E. Fix a periodic irreducible closed set F 



containing E such that v-(E) = v+(F). Let n be the period of F. By Proposition 2.3 

1/™ / Jnm \ V™ 



[F : f n F] S J \[F :/n F] 

with equality if and only if m/™(F) = d nm , i.e., if and only if F is totally invariant for f n . 
By [Assumption 4.7j we have [F : f n F] s = [F : f » F] = d ndimF , so that v+(F) < d codim ^ , 



with equality if and only if F is part of a totally invariant cycle for /. Since E C F, we have 
that q > codim(F), with equality if and only if E = F. It follows that v_(E) = v + (F) < d q , 
with equality if and only if E = F is part of a totally invariant cycle for /. □ 

Corollary 4.10. There are finitely many irreducible closed subsets E C X that are part of 
a totally invariant cycle for f . 

Proof. It is enough to prove there are only finitely many irreducible closed sets E C X of a 
fixed codimension q that are part of totally invariant cycles for /. Indeed, by ITheorem 4.9\ 
the codimension q irreducible closed sets which are part of a totally invariant cycle are 
precisely the codimension q components of the closed set {v- > d q }. □ 

Definition 4.11. The exceptional set of / is the set $ C X which is the union of all totally 



invariant proper closed subsets E C X. If / satisfies Assumption 4.7, then by Corollary 4.10 
this union is finite, so that $ is itself a totally invariant proper closed subset of X . It is thus 
the maximal proper totally invariant closed subset. 



It should be noted that [Assumption 4.7| cannot be removed from ITheorem 4.91 Indeed, if 



we consider the Frobenius map /: — > over k = F p , given by f(z) = z p , then one easily 
checks that every point of P£ is part of a totally invariant cycle for /. In particular, there is 
no maximal proper Zariski closed subset of P^ which is totally invariant. We therefore see 
that the techniques developed in the complex setting for detecting total invariance can fail 
in characteristic p in the presence of inseparable behavior. 



5. EQUIDISTRIBUTION FOR CLASSICAL VARIETIES 

We are now in a position to prove an analogue of the equidistribution of preimages theorem 
for classical varieties. 

Theorem 5.1. Let k be an algebraically closed field, and let X be an irreducible projective 
variety of dimension m overk. Suppose f : (X,L) — > (X,L) is a flat polarized endomorphism 



of X with algebraic degree d > 2. Assume, furthermore, that f satisfies Assumption ^.7. Let 
x £ X be any point, and letV^X be the smallest totally invariant closed set containing x. 
Assume that V is irreducible, with generic point y. Then the sequence d~ nm f n *5 x of Borel 
probability measures on X converges weakly to 8 y as n — > oo. 



Note, the case when V is reducible will be considered in 



Corollary 5.3 
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Proof. Let fi n := d~ nm f n *S x . From [Theorem 3TT| we know that the space of Borel probability 
measures on X is sequentially compact in the weak topology. It therefore suffices to prove 
the following: any weakly convergent subsequence \i ni of \i n converges to 5 y . We therefore 
fix a weakly convergent subsequence // nj , converging to some measure \i. Let W C X be 
a minimal closed set with (J,(W) > 0. If W were reducible, say W = W\ U W 2 , then by 
the minimality of W we would have fi(W) < fi(Wi) + /i(W 2 ) = + = 0, a contradiction. 
Therefore W is irreducible. One easily sees that // n (V) = 1 for all n, and hence fi(V) = 1. 
In particular, jti(W fl V) = fi(W) > 0, so the minimality of W implies that W C V. 

To prove the theorem, it will suffice to show that W is part of a totally invariant cycle for 
/. Indeed, if we can do this, then the minimality of V implies W = V. But then fi(V) = 1 
and n(Z) = for all closed Z C V, implying that fi = 5 y , as desired. We will prove that 
W is part of a totally invariant cycle for / by contradiction. Suppose W is not part of a 
totally invariant cycle for /. Using [Theorem 4~9| one then has u_(W) < d q , where q is the 
codimension of W in X. We need the following lemma to proceed. 

Lemma 5.2. There is an integer I > and a preimage z £ f~ ni {x) such that 

1. z eW and v-{z) < d q . 

2. limsup^d-^-^lf^-^S^W) > 0. 

Proof. Recall from lTheorem 4.6l that the reverse asymptotic multiplicity function v _ is upper 
semicontinuous. Since V-(W) < d q , there is a nonempty open subset U of W such that 
V- < d 9 on U. By the minimality of W, one has = fi(U) = lim^oo n ni {U). We will 

prove the lemma by contradiction, so suppose no such z and / exist. To simply notation, set 

R(z,I) := \imsupd- m{n >- ni) [f {n >- ni) *5 z ]{U) 

i— >OD 

whenever / > is an integer and z £ f~ ni (x). Note that R(z, I) < 1, and by our contradic- 
tion assumption R(z, I) = whenever z £ U. 

Claim: If / > and z £ f~ ni (x) are such that R(z, I) > c > 0, then there is an integer 
J > I and a preimage z' £ f~( n J~ n ri(z) such that R(z, I) < (1 — c/2)R(z', J). To prove the 
claim, let J > / be any integer large enough that d~ m ^ nj ~ ni ^[f^ nj ~ ni '*8 z \(U) > c/2. Suppose 
that Z\ . . . . . z$ £tr6 the elements of f-( n J-' n '\ z ) n £/, and that z s+ i, . . . , z t are the elements of 
lying outside [/. Then 

X — *S ^ f n 1 ~ n T \ Zj ) , „ x — "\ /TZ fn j —rij \ Zj ) 

i=l i=s+l 

since J) = for all z < s. One then has the easy upper bound 
R(z, I) < max{i?(z s+ i, J), 

= max{H(2 s+ i, J), 
By our choice of J, it follows that 

R(z, /)<(!- c/2) max{i?(^ +1 , J), . . . , i?(z t , J)}, 



i=s+l 

. . .,R(z t , J)}d- m(nj - ni) [f {nj - ni) *5 z ](X \ U). 



proving the claim. 
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Let c = n{W). By definition, R(x, 0) = c, so the claim yields an integer I\ > and a 
preimage Z\ G f~ nil (x) such that //(W) = c = 0) < (1 — c/2)R(zi, Ii). In particular, 

R(zuh)> T ^>c 

We can thus apply the claim again to find an integer L 2 > 1\ and a Z2 G f~( ni 2~ ni \> (zi) such 
that R(z u Ii) < (1 - c/2)R(z2,h)- Thus //(W) = 0) < (1 - c/2) 2 R(z 2 J 2 ). Continuing 
in this fashion, we construct sequences Ij and such that 

fi(W) < (1 - c/2) j R{ Zj , J,) < (1 - c/2) j ->■ 0. 

This contradicts the assumption that /i(W) > 0, and completes the proof. □ 

We now continue with the proof of ITheorem 5.11 Let I and z be as in the statement of 
ILemma 5.21 Let A G Rbe such that V-{z) < A < d q . Passing to a subsequence if necessary, 
we may assume that the limit 

(*) c:= lim dT m{ - ni - ni \f ni - ni >5 z \{W) 

i— >oo 

exists and is positive. For each % > I, let z\, . . . , z\, denote the elements of f~( ni ~ ni ^(z) which 
lie in W. Then the right hand side of (*) is 

lim r"' (n '- n ' ) ym rr „ f (z:) = lim dr m{ni ~ ni) f Vm-.,^)^ im-m #]., 

3=1 3=1 



where Ej = {z l j} and E = {z}. Since V-{z) < A, we have Vjn i -n I {z % ^) < A" 1 ra/ for every j 



whenever i is sufficiently large. Also, by Proposition 4.4, we have 



^[£5 : n -nj E] s < Cd^- ni)dim{w) 

3=1 

for some C > independent of z. Combining these inequalities, we see that 

c < limsnpd- mi ^- ni) A n '- ni Cd ( ^- ni)dlm{w) = C lim sup {d- q Ap~ ni = 0, 

i— ¥oo i—too 

where here the last equality results from the fact that A < d q . This is a contradiction of the 
fact that c > 0. Therefore W is totally invariant, completing the proof. □ 

From this equidistribution theorem we derive a couple of easy variants. 

Corollary 5.3. Let f: X — > X be as in \Theorem 5.1{ Let x G X be any point, and let V be 
the smallest totally invariant closed subset of X containing x. Let V = Vq U • • • U V s -\ be the 
irreducible decomposition of V , and let yi be the generic point of Vi for each i. Then, after 
relabeling the Vi if necessary, one has for each i = 0, . . . , s — 1 that ^~ m ( l +sn) j(i+sn)*^ _> § yi 
weakly as n — >■ oo. 

Proof Without loss of generality, we may assume that x G V , and that /(Vi) = V;_i, the 
indices taken modulo s. Note, in particular, that d~ m f*5 yi = S yi+1 . The set Vq is totally 
invariant for the composition f s , and is in fact the minimal /^-totally invariant closed set 
containing x. Thus by ITheorem 5.14 d~ msn f sn *5 x — > 8 yo weakly as n — » oo. We know that 



the pull-back operator /*: A4(X) — > Ai(X) is weakly continuous by proposition 3.2| and 
thus for any i = 0, . . . , s — 1 we see that 
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as desired. 



□ 



Corollary 5.4. Let f: X — > X be as in \Theorem 5.1\ Let fx be a Borel probability measure 
on X that gives no mass to the exceptional set $ of f . Then d~ mn f n *fi — > 5 y weakly as 
n — > oo, where y is the generic point of X . 

Proof. Let \i = ^ x£X c x$x- For each x £ X such that c x ^ 0, one has x £, as otherwise 
7^ 0. For such x, it follows from ITheorem 5 .11 that the preimages of x equidistribute 
to 5 y . Let Xi, X2, ■ ■ ■ be an enumeration of those x £ X with c x ^ 0. For each N > 1, let 
= Ysi=i c ^x % and v N = J2 i>N c Xt 5 Xi . Let e > be given, and choose N large enough so 
that vn(X) < e. Then for any closed set E C X, one has 



Having proved the equidistribution theorem for classical varieties, we now move on to the 
nonarchimedean setting. Fix an algebraically closed complete nonarchimedean field K. We 
do not assume that the absolute value on K is nontrivial. In this section we briefly review the 
Berkovich analytification of varieties over K, and discuss multiplicities for finite morphisms 
between analytic varieties. The main references for the material in this section are the works 
of Berkovich (Ber90j and |Ber93j . 

We begin by discussing the Berkovich analytification of a variety X over K. Suppose first 
that X is affine, with coordinate ring Then the Berkovich analytification of X is, 

as a set, defined to be the collection X an of all multiplicative seminorms K[X] — > R which 
extend the given absolute value on K. We will denote points in X an by letters such as x 
and y. By definition these are seminorms on If [X]; the value of x on a function (p £ K [X] 
is typically denoted |y?(x)|. We equip X an with the weakest topology for which each of the 
evaluation maps x y \(p(x)\ for (p £ K[X] are continuous. In this topology, X an is locally 
compact, Hausdorff, and locally path connected. 

The closed points of X naturally embed into X an in the following way. If x £ X is a 
closed point, we define a seminorm K[X] —> R associated to x by <p £ K[X] h-> |y(x)|, 
where the absolute value here is the given absolute value on K. If the absolute value on K 
is trivial, then the scheme-theoretic points of X also embed into X an . Indeed, if x is any 
scheme theoretic point of X corresponding to the prime ideal p of if[X], we can define a 
corresponding seminorm K[X] — > R by 



In either the trivially or non-trivially valued case, we will call seminorms of this form classical 
points. Classical points are dense in X an when the absolute value on K is nontrivial. 



d~ mn (P*Li)(E)-5 y (E)\ < \d- mn (r*Li N )(E)-5 y (E)\+e 



for every n > 1. When n is sufficiently large, however, ITheorem 5.11 gives that 

\d- mn {f n *Li N ){E) - Li N {X)6 y (E)\ < e. 
Combining this with the previous inequality yields 

\d- mn (rLi)(E) - 5 y {E)\ < (1 - LL N {X))5 y {E) + 2e< 3e. 
Therefore d~ mn f n *fi — > 5 y as n — > oo. 



□ 



6. Berkovich analytic spaces 




pep. 
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There is a natural map ir: X an — > X, where X here is viewed as a scheme, allowing for 
non-closed points. The map it sends a seminorm x G X an to its kernel 

tt(x) := {<p e K[X\ : \<p{x)\ = 0}, 

which is easily seen to be a prime ideal. If x is a classical point of X an corresponding to 
x G X , then 7r(x) = x. The map tc is continuous when X is given its Zariski topology. 

Suppose now that / : X — > Y is a morphism of affine varieties, with corresponding homo- 
morphism /* : K[Y] — > K[X] of coordinate rings. We can define a map f an : X an — > Y an by 
sending a seminorm x G X an to the seminorm / an (x) defined by \(p(f an (x))\ = \(f*(p)(x)\ for 
all if G The map f an is continuous, and agrees with the map /: X — > Y on classical 

points. For this reason, we will abuse notation and denote f an simply by /. 

Now assume that X is any variety over K, not necessarily affine. One defines the Berkovich 
analytification X an of X as follows. Choose a finite open cover of X by affines Ui, . . . , U r . 
One obtains the space X an by gluing together the analytifications 7Tj : U an — > Ui. Namely, we 
identify seminorms x G U an and y G U an if 7Tj(x) G t/j fl C/j and 7Tj(y) G t/j fl Uj and if x and 
y give the same seminorm on OuXUi H £/j) = OujiU fl t/j). The space X an constructed in 
this fashion is locally compact, Hausdorff, and locally path connected. Moreover, if X is an 
irreducible projective variety, then X an is compact and connected. The 7Tj : U an — > U glue 
together to a map it: X an — > X, which is continuous when X is given its Zariski topology. 

As before, closed points of X naturally embed into X an , and if K is equipped with the 
trivial absolute value, so do the scheme-theoretic points of X. These points in X an are 
the classical points. If / : X — > Y is a morphism of varieties over K, there is an induced 
continuous map /: X an — > Y an , which agrees with /: X — > Y on classical points. 

While we do not go into details here (see [Ber90] ). one can define a sheaf of rings on 
X an , called the structure sheaf of X an . We will denote this sheaf by @x to distinguish it 
from the classical structure sheaf Ox on the variety X. Equipped with this sheaf &x, the 
analytification X an is a locally ringed space, and tt : X an — > X is a morphism of locally ringed 
spaces. The Berkovich analytification tc: X an — > X enjoys GAGA results analogous to those 
in the classical complex setting (see [Ber90[ §§3.4-3.5]). We will now use these GAGA results 
to discuss multiplicities associated to finite morphisms of analytic varieties, as in §2. 

Definition 6.1. Let X and Y be irreducible varieties over K, and let /: X — > Y be a finite 
surjective morphism. Let x G A an and y = /(x). Then the multiplicity of / at x is 

m f (x) := dim K(y) (^' XiX /m y ^ > x,x), 
where as usual ffx,x is viewed as an ^V iy -module via /. 

We now want to compare these multiplicities with those previously defined for the classical 
morphism f:X—>Y. To do this comparison, we use the commutative diagram 




Specifically, we note that if y G Y an and y = 7Ty(y), then for any x G / x (y) we must have 
that 7t x (x) G f-\y). 
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Proposition 6.2. Let X and Y be irreducible varieties over K, and suppose /: X -^Y is 
a finite surjective morphism. Let x G X and f(x) = y. Let y G Y &n be such that 7Ty(y) = y, 
and let xi, . . . , x r be those f-preimages ofy such that TCx^i) = x. Then 

r 

In particular, if x is a classical point of X an corresponding to x G X ; t/ien rrif(x) = mf(x). 

Proof. As the statement is local, we may assume with no loss of generality that X and Y are 
afhne. Let x r+ i, . . . , x s be those preimages of y with 7Tx(xj) ^ x. Using Proposition 2.6.10 of 
|Ber93j . one has the isomorphism 

r s 
i=l i=r+l 

where p x is the prime ideal in the coordinate ring X[X] of X which corresponds to s. If we 
then tensor this expression over with the residue field n(y), we see that 

r 

«(y) ®K(y) (O x JmyO XtX ) \[{(?x,J^ x ^). 

1=1 

The K(y)-dimension of the left hand side of this expression is mf(x), while the /t(y)-dimension 
of the right hand side is ^[=1 m /( x «)- This completes the proof. □ 

Corollary 6.3. Suppose f : X — >■ Y is a finite surjective flat morphism between irreducible 
varieties over K . Then every point y G F an has [X :/ Y] preimages when counted according 
to their multiplicity. That is, [X'.fY] — X]/( x )=y m /( x )- 



Proof. Let y = 7Ty(y). From [Proposition 6.2| we know that J2f(x)=y m /( x ) = J2f(x)= v m f( x 



The corollary then follows from ITheorem 2.41 □ 

Proposition 6.4. Suppose f: X —}Y is a finite surjective flat morphism between irreducible 
varieties over K . Let V be an affinoid domain in Y an , and let U = f~ l (V). Suppose that 
U has connected components U\, . . . , U s . Then there exist integers n\, . . . , n s > 1 such that 
every point y G V has exactly preimages in Ui, counted according to their multiplicity. 

Proof. This statement is a higher dimensional analogue of |FRL10l Proposition 2.1]. First 
note that U is itself an affinoid domain by |Ber90, Proposition 3.1.7], as are the Ui by [Ber90|, 
Corollary 2.2.7]. If Ay —> Au — Au 1 X • • • X Au s is the corresponding map of affinoid algebras, 
then Au is a finite Banach .Ay-module since / is finite. It follows immediately that each Ay i 
is a finite Banach Ay-module via the composite Ay —> Au —> Au v Therefore f\^ ■ Ui — > V 
is a finite map of i^-analytic spaces. Since / is flat, so is its analytification / an by the GAGA 
principles in §3.4 and §3.5 of |Ber90j . It follows that f\u t is flat for each i. Thus f*(t?x\ui) 
is a coherent, locally free ^V|y-module of some rank rij. If y G V, then 

f*(0x\uX= ^rpc, 
xe/- 1 (y)nt/ l 

and therefore 

rii = dim«(y)(K(y) f*{@x\ui)y) = ^2 dim K(y) (^ x>x /m y ^ x ,x) = m /( x )- 

xef-^nUi xe/- 1 (y)nl/ j 
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This completes the proof. □ 

Using these results, we are now able to define a pull-back operator on Radon measures, 
analogous to the pull-back defined in §3. As was done in that section, we will define the 
pull-back operator as the adjoint of a push-forward operator on functions. 

Definition 6.5. Suppose /: X — > Y is a finite surjective flat morphism between irreducible 
varieties over K. If (p G C°(X an ), we define Y an — > R by 

(f*<p)(y) ■= Yl m /( x M x )- 

/(x)=y 

Proposition 6.6. Suppose f ': X —>Y is a finite surjective flat morphism between irreducible 
varieties over K . Then the push-forward /* defines a linear map C°(X an ) — >■ C°(Y a,n ). If we 
assume, in addition, that X and Y are projective, so that X an and Y an are compact, then /* 
is a bounded linear operator between Banach spaces. 

Proof. Let <p G C°(X an ), and let y G Y an . Let V be a small enough affmoid neighborhood 
of y such that / -1 (V) is a disjoint union of components U\, . . . , C/ s , each containing exactly 
one preimage G Ui of y. By shrinking V if necessary, we may assume that the variation of 



if on Ui is at most e for each z. According to Proposition 6.4, if y' G V, then y' has exactly 



m/(xj) preimages in C/j when counted according to their multiplicity. Thus 

s 

\(M(y') - (M{y)\ < Y] m f (Xi)<p(Xi) - V m/(x)^(x) 

i=l 
s 

<^em / (x,) = [X :/ 

i=l 

This proves that f*tp is continuous. In the case where X an and Y an are compact, and thus 
that C°(A an ) and C°(Y an ) are Banach spaces, the fact that /* is bounded is immediate from 
the easy estimate |(/*^)(y)| < \\<f\\ E/( x )= y m /( x ) = l X : f D 

Definition 6.7. Let /: X — > Y be a finite surjective flat morphism between irreducible 
projective varieties over K. Let A4(X an ) and M.{Y an ) denote the space of Radon measures 
on X an and Y an , respectively. We define the pull-back operator /*: M(Y an ) — > M(X an ) to 
be the adjoint of /* : C°(X an ) -> L7°(F an ). 

The following properties of the pull-back /* : M. (Y an ) — > Ai (X an ) are now obvious from 
the definitions: 

1. If fj, is a positive Radon measure on Y an , then f*/j, is positive as well. Moreover, if 
the total mass of \x is R, then f*/j, has total mass [X Y]R. 

2. If fj, is any Radon measure on Y an , then /*/*// = [X :/ Y]/i, where /* denotes the 
usual push-forward operation on measures. 

3. If y G Y an and 6~ y is the Dirac probability measure at y, then f*5 y = Yuf(x)=y m /( x )^x- 

7. Maps of good reduction 

Before being able to prove the equidistribution theorem for maps of good reduction, we 
first must say what we mean by a map of good reduction. In section we discuss the notion 
of reduction for analytic varieties. Recall that we are working with analytic varieties over an 
algebraically closed complete nonarchimedean field K, possibly with trivial absolute value. 
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We denote by K° the valuation ring of K, by xa K the maximal ideal in K°, and by k the 
residue field on K. 

Definition 7.1. Let X be an irreducible projective variety over K. A model of X is a flat, 
projective scheme X over Spec K° with a specified isomorphism between X and the generic 
fiber Xk of X . 

In the case when K is equipped with the trivial absolute value, any model X of X is simply 
a variety over K that is isomorphic to X, and thus we lose no generality by taking X — X. 
When K is equipped with a nontrivial absolute value, there is in general no canonical model 
of X, but some model X always exists. 

Given a model X of X, we are able to define a reduction map red : X an — y X k , where here X k 
denotes the special fiber of X. The special fiber X k is a projective variety over k, all of whose 
components have the same dimension as X. Let x e X an , and let x :— 7r(x) 6l = A^. Then 
x defines an absolute value on the residue field k(x) of Xk at re. Since X is projective and 
hence proper over Specif , the valuative criterion of properness gives that the if-morphism 
Spec/t(:r) — y Xk extends uniquely to a fT°-morphism SpecK(x)° — > X. The special fiber 
of this morphism is a morphism Spectre) — > X k , corresponding to a point £ of X k . The 
reduction of x is defined to be red(x) = £. 

The reduction map red : X an — y X k is anticontinuous in the sense that the inverse image 
of a Zariski open set of X k is closed in X an . It is always surjective, and every generic point 
of X k has exactly one preimage under red. 

If K is equipped with the trivial absolute value, then X k = X, so one obtains a canonical 
reduction map red: X an — y X. The two maps 7r, red: X an — y X are different; indeed, red(x) 
specializes 7r(x) for every x e X an , and one has red(x) = 7r(x) if and only if x is a classical 
point of X an . The unique point x G X mi whose reduction is the generic point of X is called 
the Gauss point of X an . It is the classical point corresponding to the trivial absolute value 
on K(X). 

Suppose X and Y are irreducible projective varieties over K, and let X and y be models 
of X and Y, respectively. Suppose that F: X — y y is a finite flat if°-morphism. Then the 
generic and special fibers Fk : X — y Y and F k : — y y k are finite flat morphisms which are 
compatible with reduction in the sense that the following diagram commutes. 




If X k and 34 are irreducible, then [X k : Fk y k ] — [X : Fk Y\. This compatibility with reduction 
is the spirit of what we wish to call "good reduction." 

Definition 7.2. Let X be an irreducible projective variety over K, and let / : X — y X be a 
finite surjective flat morphism. Suppose that there exists a model X of X with irreducible 
special fiber, and a finite flat if°-morphism F: X — y X such that / = Fk- Then we say that 
/ has good reduction with respect to F. The map F k is called the reduction of /. 
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If K is equipped with the trivial absolute value, then every finite surjective flat morphism 
/ : X — > X has good reduction simply by taking F — f. On the other hand, if K is equipped 
with a nontrivial absolute value, the notion of good reduction is quite restrictive. 

In the case when X = P r K , one sometimes says that a morphism /: P r K — > P r K has good 
reduction without making mention of any specific model, as we did in the introduction. Here 
it is implied that / is induced by a morphism F: X — > X, where X is the model P r K o of 
P r K . When X = the situation is rather simpler, in that every morphism /: P l K — > 
of good reduction with respect to some morphism X — >■ X is, possibly after conjugating / 
by an automorphism of P^, induced from a morphism P l K o — > P^o. One sometimes calls 
/: P l K — > P^ a map potentially good reduction if it is induced by some morphism X — > X, 
and a map of good reduction if it is induced by a morphism P l K o — > Pj^o. 

Before moving on to the proof of the equidistribution theorem for maps of good reduction, 
we need a proposition relating the multiplicities of a morphism / : X — > X of good reduction 
to the multiplicities of its reduction. 

Proposition 7.3. Let X be an irreducible projective variety over K , and let f: X —> X be 
a morphism which has good reduction with respect to a morphism F: X — > X . Let y e X an , 
and let y = red(y). Fix any x e X k with F k (x) = y, and let x 1; . . . ,x r be those f -preimages 
ofy with red(xj) = x. Then 

r 
i=l 

Proof. Let Ox, y and Ox,x be the completions of Ox, y and Ox,x with respect to their maximal 
ideals. Then Ox,x is a finite free O^-module via F, say of rank R. Because y = red(y), 
we have a natural i^°-homomorphism Ox,y ^(y)°, where J^{y) is the completed residue 
field at y. This homomorphism allows us to consider the tensor products 

Ox Jf{y) and O x ,x ®6 Xjtl <^(y), 

which are then vector spaces of dimension R over J(?(y) and J(?(y), respectively. Since 

6x,x ® 6x , y ^(y) = (Ox k ,x/m y Ox k , x ) <8>« (l/) JF(y), 
one has m Fk (x) = R. On the other hand, 

r 

6x,x ® 6x , y ^(y) = 0(^Wmy^,xJ ®« (y) JT(y), 
i=i 

so R = Y7i=i m f( x i)- This completes the proof. □ 

8. Equidistribution for maps with good reduction 

In this section we will prove the equidistribution theorem for maps with good reduction. 
The setup for this section is as follows. We fix an irreducible projective variety X over K, 
and a polarized morphism / : (X, L) — > (X, L) of algebraic degree d > 2, which has good 
reduction with respect to a given polarized morphism F: (X, C) — > (X, C) which models /. 
We denote by / the reduction /: (Xk,Ck) — > (X k ,Ck) of /. When K is equipped with the 
trivial absolute value, one has (Xk, £&) = (X, L) and f = f, but in the interest of keeping 
notation uniform we will still write / and (X k ,£ k ). 
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The idea of the proof of the equidistribution theorem is to apply the results of §5 to /, 
and then lift these results to / via the reduction semiconjugacy: 

/ 

j^-an ^ j£ an 



red 



red 



/ 

Xu * X, 



In order to make use of the results of §5, we will additionally need to assume that the reduced 



map /: (X k ,C k ) — > (X k ,C k ) satisfies [Assumption 4.7 



We begin by using the maps n : X an — » X and red : X an — > X k to relate the measure 
theory of X aD to the measure theory of X and X k . Recall that tt and red are continuous and 
anticontinuous, respectively, so both of these maps are Borel measurable. If fi is a Radon 
measure on X an , we are therefore able to consider the push-forward measures 7r*/z and red*/i. 
Our first goal is to prove that the push-forward operations 7r* and red* are compatible with 
pull-backs in the sense that n^f* = /*7T* and red*/* = /"red*. 

Lemma 8.1. 

1. Let V C X k be a nonempty proper irreducible closed subset, and let U = red _1 (V"). 
There is an increasing sequence of nonnegative continuous functions (p n : X an — > R 
which converge pointwise to the characteristic function \u- 

2. Let V C X be a nonempty proper irreducible Zariski closed set, and let E = 7r _1 (V). 
There is a decreasing sequence of nonnegative continuous functions ip n : X an — > R 
which converge pointwise to the characteristic function \e- 

Proof. (1) Let {W a } be a finite affine open cover of X, say W a = Spec A a . For each index a, 
the set W a := red _1 (WQ i fc) is a closed subset of X an (it is, in fact, an aflinoid domain). Fix an 
a such that W a k intersects V, and let G A a be elements whose images a\,...,a r 

in the reduction A = A 8^ k generate the prime ideal py of V in W a ,k- Then x e ^ Q lies 
in U if and only if |a^(x) | < 1 for each i. Define h a : W a — > R by h a (x) := maxj | a* (x) j . This 
h a is continuous, and satisfies h a (x) < 1, with equality if and only if x ^ U. Moreover, h a 
is independent of the choice of the a^. In this way we define h a for each index a. One has 
h a = hp on W a fl Wp, and hence the h a can be glued together to give a continuous function 
h: X an — > R with the property that < h(x) < 1 for all x, with h(x) < 1 if and only if 
x G U. We can then define tp n := (1 — h) 1 ^ 1 . 

(2) Let {U a } be a finite affine open cover of X, say with U a = Spec A a . For each index 
a, the set f/ an = 7r _1 (f/ a ) is an open subset of X an . Fix an a such that U a intersects V, 
and let ax,...,a r G A a be generators of the prime ideal py of V in U a . Then x G C/ an 
belongs to E if and only if |a$(x)| = for each i. Let h a : f/ an — > R be the function 
^a( x ) : = min{l,maxj |aj(x)|}. This h a is continuous, and satisfies h a (x) > 0, with equality 
if and only if x G E. Moreover, h a is independent of the choice of the a«. In this way we 
define h a for each index a. One has h a = hp on [7 an n Z7|°, and hence the /i a can be glued 
together to give a continuous function h: X an — > R with the property that < h(x) < 1 for 
all x, with h(x) = if and only if x G E. We can then define ip n = I — h x l n . □ 

Proposition 8.2. Let fx be a Radon measure on X an . Then 7T* and red* are compatible with 
pull-backs in the sense that 
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1. red*/*/! = /*red*// ; and 

2. 7T*/*/i = /*7T*;U. 

Proof. (1) It suffices to check that (red*/*/x)(V) = (/*red*/x)(V) for every irreducible closed 
set V C X by |Gi gl2| Lemma 2.7]. Choose an increasing sequence ip n : X an — > R of non- 
negative continuous functions converging pointwise to Xred^cv)- Then 

(red*/»(V) = (/»(red _1 (V)) = lim / <p n df*fi= lim / f*(p n dfi= / f*red*xvd/i. 

n— >oo J n— >oa J J 

On the other hand, we have 

(/*red^)(V) = J f*xvdred*fi = J red* f*xv dfi. 

Thus it suffices to show that fjed*xv — r ^*f*Xv- If y € -^ an , then 

(/*red*xy)(y) = ™/(x)xv(red(x)) = m^(a:)xv(a:) = (red*/,xv)(y), 

/(x)=y /(x)=red(y) 



where the second equality is a consequence of Proposition 7.3 This proves (1). The proof 



of (2) is similar, except one uses Proposition 6.2 instead of Proposition 7.3 □ 



Unfortunately, the push- forward operations 7r* and red* on Radon measures are not weakly 
continuous. Specifically, if fi n is a sequence of Radon measures on X an which converge weakly 
to a measure fi, then it is not necessarily the case that 7r*/i„ converges weakly to 7r*/i, or that 
red*fi n converges weakly to red*/i. Indeed, it is not even necessarily the case that 7r* fi n and 
red*yU n converge weakly to anything. The reason for this difficulty is that the weak topology 
for measures on X and X). is defined in terms of semicontinuous functions, whereas the weak 
topology for Radon measures on X an is defined in terms of continuous functions. The next 
proposition explores this phenomenon. 

Proposition 8.3. Let fi n be a sequence of Radon probability measures on X aD which con- 
verges weakly to a measure //. 

1. Suppose the measures v n := red*/i„ converge weakly to a measure v. Then one has 
the inequality v(V) > (red*yu)(V) for all irreducible closed subsets V C Xj.. 

2. Suppose the measures v n := ir*fi n converge weakly to a measure v. Then one has the 
inequality u(V) < (7T*//)(V) for all irreducible closed subsets VCI. 

Proof. (1) Fix an irreducible closed subset V C Xk, and let ip n : X an — > R be an increasing 
sequence of nonnegative continuous functions converging pointwise to Xred -1 (vy Given an 
e > and an index N = N(e) large enough, one then has 



[red*fi)(V) = lim / (p n d[i<£+ / (fN d[i = e + lim / 

n— >oo J J ' m— >oo / 



< e + liminf / Xred- l m d Hm = e + liminf u m (V) = e + u(V). 

m— >co J v ' m— >oo 

Letting e — > gives (red*/i)(V) < v(V), as desired. The proof of (2) is similar. □ 

We are now in a position to prove our main equidistribution of preimages theorem for 
maps of good reduction. ITheorem Al is a special case of the following. 
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Theorem 8.4 (Equidistribution) . Let X be an irreducible projective variety over K of di- 
mension m, and let f: (X,L) — » (X,L) be a polarized morphism of algebraic degree d > 2. 
Suppose that f has good reduction with respect to a morphism F: (X, C) —> (X, C). Finally, 
assume that the reduction f : (Xk,£k) ~^ {Xk,£k) of f satisfies Assumption 4- 7\ Let $ be 



the exceptional set of f. If fi is a Radon probability measure on X an which gives no mass to 
red -1 (<f) ; then the normalized pull-backs d~ mn f n *[i converge weakly to the Dirac probability 
measure S x supported at the unique point x e X an whose reduction is the generic point ofXj.. 

Proof. Let fi n = d~ mn f n *fi for each n > 1. It suffices to show that every weakly convergent 
subsequence of {/!„} converges to 5 X . We therefore fix a weakly convergent subsequence \i n ^ 
converging to some measure a. Let v = red*/i and v n = red*/i n for each n. We then know 



from Proposition 8.2 that v n = d mn f n * v for each n. The assumption that fx does not give 
mass to red - (<f) is equivalent v not giving mass to $ . It then follows from Corollary 5.4 



that the sequence v n converges weakly to the Dirac probability measure at the generic point 



of Xk. From Proposition 8.3(1) we see that (red*a)(V) = for all proper closed subsets 
V C Xk- We will use this property of a to conclude that a = d~ x . 

Let A C C°(X an ) be the subalgebra consisting of functions which are constant away from 
a set of the form red _1 (V^) for some proper closed set V C Xk- The functions which were 
constructed in the proof of ILemma 8.11 show that A separates points. Clearly A contains 
all constant functions. Thus, by the Stone- Weierstrass theorem, A is dense in C°(X an ). Let 
if E A, with say cp = c away from a set red _1 (V r ) with V C X k closed. Then 



Lpda = c[l- a(red~ 1 (V))]+ tpda 

J Jred-HV) 



C, 

(V) 

since a(red~ 1 (V A )) = 0. Since x ^ red _1 (y), one has <£>(x) = c. We have thus shown that a 
agrees with 5 X on A. Since A is dense in C°(X an ), we conclude that a = 5 X . □ 

In the special case where K is equipped with the trivial absolute value, one can use the 
canonical map 7r : X an — > X to obtain a more precise result about what happens to preimages 
of points x G X an which do lie in red -1 {$). 

Theorem 8.5. Suppose K is equipped with the trivial absolute value. Let X be an irreducible 
projective variety of dimension m over K, and f : (X, L) — > (X, L) a flat polarized morphism 
of algebraic degree d > 2. Suppose that f satisfies\Assumption ^.7[ Let x e X an be any point, 



and assume that the smallest totally invariant closed set of X containing 7r(x) is the same as 
the smallest totally invariant closed set of X containing red(x). Let this set V have irreducible 
decomposition V = Vq U • • • U V s . Let denote the classical point of X an corresponding to Vi 
for each i. Then, up to relabeling the Vi if necessary, one has for each i = 0, . . . , s — 1 that 

j-mii+sn) f{i+sn)*fi^ ^ wea kly as U OO. 

Proof. We argue in a similar fashion to the proof of Theorem 8.41 Specifically, we set /i n = 
^-m(i+sn) j(i+sn)* ^ anc j a a wea k limit of a subsequence of the /i nr Now by applying 
Corollary 5.3| we know that the sequences 7r*/i n and red*/i n both converge weakly to S Yi . Thus 



PropositiorTOI tells us that a(A) = for all sets A of the form A = ^(U) U reA~ 1 (W) 



where U C X is an open set disjoint from Vi and W is a proper closed subset of Vi. Let A 
denote the subalgebra of C°(X an ) consisting of all functions which are constant away from a 
set A = 7i-\U) U red" 1 (WO, where U C X is an open set disjoint from Vi and W is a proper 
closed subset of V*. From the functions constructed in the proof of ILemma 8. II we see that A 
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separates points, and hence is dense in C°(X an ) by the Stone- Weierstrass theorem. If ip G A 
is such that ip = c outside of A = n-\U) U red _1 (W), then 

J if da = c[l — a(A)] + J Lp da = c = ip{yi), 

and hence a agrees with 5 yi on the dense subalgebra A. We conclude that a — 5 yi . □ 

9. EQUIDISTRIBUTION FOR TAME POINTS 

In this last section, we assume K is an algebraically closed field equipped with the trivial 
absolute value. Let X be an irreducible projective variety of dimension m over K, and let 
/: (X,L) — > (X,L) be a flat polarized dynamical system of algebraic degree d > 2, i.e., a 
map of good reduction. The goal of this section is to show that the preimages of a large 
class of points x G X an equidistribute to the Dirac mass at the Gauss point of X an , even 
when red(x) lies in the exceptional set $ of /. 

In the setting where K is trivially valued, it is common to work not with seminorms but 
with semivaluations. A point x G X an is a seminorm on the coordinate ring K[U] of some 
affine open subset U C X. One may then associate to x a semivaluation K[U] — > RU {+00} 
given by ip 1— >■ — log |</?(x)|. Conversely, from a semivaluation v. K[U] — > R U {+00}, one 
obtains a seminorm x G X an by |y(x)| = e -- "^ for all (p G X[[/]. Via this equivalence, we 
will view points in X an as being semivaluations rather than seminorms. The reduction red(u) 
of a semivaluation v G X an is then the unique point £ G X such that f > on C*x,£ with 
v > on m^. 

Definition 9.1. Let t> G X an be a semivaluation with red(u) = £ G X. For any ideal a C 
we define v(a) = mf^aV (ip). Equivalently, if <pi, . . . , ip r generate a, then v(a) = mmiv(ipi). 

We begin with a proof of lTheorem C\ which proves that a weaker form of equidistribution 
of preimages holds for / whenever all totally invariant cycles are superattracting. 

Definition 9.2. Suppose V C X is an /-invariant irreducible subvariety. We say that V is 
superattracting for / if there is an integer n > 1 such that f n *vny C my, where here f n * is 
the induced local ring homomorphism f n * : Ox,v ~^ @x,v- More generally, if V is part of an 
s-periodic cycle for /, we say that the cycle is superattracting for / if V is superattracting 
for f s . 

This notion of superattracting cycle generalizes the standard notion of superattracting 
cycles for rational maps /: — » P^. For instance, when V = x is a fixed closed point of 
X, then x is superattracting if and only if the derivative Df(x) of / at x is nilpotent. In 
dimension 1, it is automatic that any totally invariant point is superattracting, but this is 
no longer true in higher dimensions. As an example, the point [0 : : 1] is totally invariant 
for the morphism /: P 2 K — > P 2 K given by f[x : y : z] = [xz + y 2 : x 2 : z 2 }, but it is not 
superattracting. 

Theorem 9.3. Let /: (X, L) — > (X,L) be a flat polarized morphism of algebraic degree 



d > 2. Suppose that f satisfies Assumption 4-7, and that all totally invariant cycles for f 



are superattracting. Let v G X an ; and let V C X be the smallest totally invariant closed 
set containing tt(v). Suppose V has irreducible decomposition V = V\ U • • • U V r , and let 
Wi, . . . ,w r G X an be the classical points corresponding to the generic points of the V{. Then 
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one has weak convergence of the Cesaro means 

n-l 

/i n := n- 1 d- mi f*6 v -+ r-\5 Wl + ■ ■ ■ + S Wr ) 

i=Q 

as n — > oo. In the special case where ir(v) £ S ' , this gives that the \i n converge weakly to the 
Dirac mass at the Gauss point. 

Proof. It suffices to show that any weak limit \x of a subsequence of the \x n is the measure 
r ~ 1 ($ wi + - • ' + S Wr ). Suppose then that \i is the weak limit of a subsequence \i nv The measure 
fi is necessarily totally invariant, that is, d~ m f*fi = fi. Indeed 

d~ m /> = lim d~ m f^ ni = lim [/^ + nr^d""*"*/"**^ - = hm Mni = M . 

i— >oo i— >oo i— <roa 

Since 7r _1 (V) is a totally invariant closed subset of X an and 5 v (7i~ 1 {V)) = 1, the measure 
fj, is supported within 7r _1 (V). If we can show that fi(red~ 1 (W)) = for all proper totally 



invariant closed sets W C V, then an easy variant of Corollary 5.4 shows d mn f n *^ — > 



r 



(8wi + • ■ ■ + S Wr ). However, d~ mn f n *fi = \i for all n, so in fact \i = r~ 1 (5 wi + • ■ ■ + S Wr ) 
We have therefore reduced the problem to showing that /i(red -1 (W)) = for all irreducible 
closed sets W C V which are part of a totally invariant cycle for /. 

Fix W C V an irreducible closed set with f~ s (W) = W. Let mw be the maximal ideal of 
W in the local ring Ox,w- Let (p: X an — > R U {+00} be the continuous function 



<f(w) 



w(m w ) red(w) £ W. 
red(w) £ W. 

Since tp is strictly positive on red _1 (W / ) and zero everywhere else, one has /x(red -1 (VT)) = 
if and only if J cpdfi = 0. By assumption W is superattracting, i.e., / ns *myt/ C for large 
enough n. If w ^ red _1 (W), then all / ns -preimages of u> also do not lie in red~ 1 (W), so 
d~ mns (f™ s (p)(w) = 0. On the other hand, if red(iu) £ 14 7 and f ns (w') = w, then 

u;(mw) = w'(f ns *m w ) > 2w'(m w ) 

when n is large enough. It follows that d~ mns (f™ s ip)(w) < (p(w)/2. Combining these two 
derivations yields d~ mns f™ s (p < ip/2 when n is large. Therefore 

< y = d~ mns J fr^dix < l - j tpdti. 

This is only possible if f (pdfi = or +00. The latter case cannot happen, however, since 
by assumption 7r(v) ^ W. □ 

To prove ITheorem B\ we need to restrict ourselves to the case when X is smooth. In this 
case, any finite surjective morphism /: X — > X is flat, and hence any polarized morphism 
/ : (X, L) — > (X, L) has good reduction. The motivation for assuming X is smooth is that 
we are able to make the following definition. 

Definition 9.4. Let (el. Because X is smooth, the local ring Ox,e, is regular, and hence 
the map ord^: Ox,( — > N U {+00} given by ordg(y?) := max{n : ip £ m^} is a valuation on 
the ring Ox,£- 

We will prove equidistribution of preimages for valuations v £ X an that are tame, that is, 
valuations which satisfy the following boundedness condition. 
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Definition 9.5. Let v G X an with £ = red(v). We say that v is tame if there is a C > 
such that v((p) < Coid^(<p) for all ip G 0x,£- Note, in particular, that such a v is necessarily 
a valuation instead of just a semi valuation, i.e., tt(u) is the generic point of X. 

Example 9.6. Tame valuations make up much of the space X an , as the following examples 
illustrate. 

1. The set of tame valuations of P^ an is the hyperbolic space H := P^ an \ P^. 

2. All monomial valuations are tame. Recall that a valuation v G X an with £ = red(i>) 
is a monomial valuation if it is of the following form: for some system of parameters 
ti, . . . , t r of the completed local ring Ox,£ — K (OH*i> • • • and some real numbers 
«i, . . . , a r > 0, one has 



It is easy to check that such a valuation is tame. 

3. Divisorial valuations are tame. A valuation v G X an is divisorial if there is a blowup 
p: X' — > X, an exceptional prime divisor E of p, and a real number A > such that 
v((p) = Aords(v 5 °p) for all ip G X(X). 

4. More generally, all quasimonomial valuations are tame. A valuation v G X an is quasi- 
monomial if there is some blowup p: X' — > X over £ and a monomial valuation if at a 
point ( e X' such that v((p) = w(pop) for all <p G X(X). Such valuations are studied 
in detail in [JMllj . see also |ELS03j . Monomial valuations and divisorial valuations 
are both examples of quasimonomial valuations. The tameness of quasimonomial 
valuations was proved by Tougeron ( [Tou72l Lemma IX. 1.3], see also |Izu85j ). They 
are sometimes called Abhyankar valuations, since they are precisely those valuations 
v G X an for which one has equality in the Abhyankar inequality; they are further 
characterized by being Shilov boundaries of Weierstrass domains in X an . See |Poill[ 
§4] for more details about these alternate characterizations. Quasimonomial valua- 
tions are dense in X an . 

5. One should note that there are tame valuations in X an that are not quasimonomial, 
and, if dimX > 1, there are valuations in X an that are not tame. 

Suppose that v G X an is a valuation, and thus that it defines a valuation on the function 
field K(X) of X. If we identify K(X) with the subfield f*K(X) C K(X), then the preimages 
of v for / are precisely the valuations on K{X) which extend v on f*K(X). For the remainder 
of the section, we will assume that the map / is separable, that is, that the field extension 
K(X)/ f*K(X) is separable. This is a weaker assumption than [Assumption 4.7| 

Proposition 9.7. Suppose that v G X an is a valuation, and f(w) = v. Let L/F denote 
the field extension K(X)/ f*K(X), so that w is a valuation on L extending v on F. If f is 
separable, then the multiplicity of f at w is given by rrif(w) = [L w : F v ], where L w and F v 
denote the completions of L and F with respect to w and v, respectively. 

Proof The local rings &x,w and &x,v are fields, and rrif(w) = [@x,w '■ &x,v] for any preimage 
w of v. If Jf(w) and Jtf?(v) denote the completed residue fields of w and v, respectively, 
then [J$?(w) : 3^{v)\ < [&x,w '■ @x,v\- One has isomorphisms M'iyS) = L w and J$?(v) = F v , 
and therefore [L w : F v ] < [&x,w '■ <^a>] = m f( w )- Since L/F is separable, 



v 




Xp ± 0}. 



F v ® F 



w 



f(w)=v 
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by |Bou98l Corollary VI.8.2/2], and thus 

d m = [L : F] = - F v]^ E m /M = 

f(w)=v f{w)=v 

It follows that rrif(w) = [L w : F v ] for each preimage w of v. □ 

Corollary 9.8. Suppose f is a separable, and let Nf denote the norm homomorphism 
N f : K(X) X ->■ f*K(Xy associated to the field extension K(X)/f*K(X). If v G X an 
is a valuation and if G K(X) X , then 

m f {w)w(tp) =v(N f (ip)). 

f(w)=v 

Proof. See [Bou98l Corollary VI.8.5/3]. □ 
Proposition 9.9. Let v G X an be a valuation. Assume that for each if G K(X) X one has 

d -mn m f n(w)\w((f)\ ^0 

f n (w)=v 

as n oo. Then the preimages of v equidistribute to the Dirac mass at the Gauss point. 

Proof. Let fi n = d~ mn f n *8 v for each n > 0. It suffices to show that every weak limit fi of a 
subsequence fi Hi is the Dirac mass at the Gauss point. Suppose such a /i were not the Dirac 
mass at the Gauss point. Then there is some irreducible proper closed set E C X such that 
/i(red _1 (E)) > 0. Let ip: X an — >■ [0, 1] be the continuous function 



min{l, w(ttie)} red(w) G E. 
red(w) £ £7. 



This function is strictly positive on red 1 (E) and elsewhere, so f ijjdfi > 0. On the other 
hand, if ip G m^, then ?/>(u>) < |u>(y?)|. Thus 

< if)d(i= lim / ipd[i nz < lim d~ mri1 V] m/n(«?)|iy(</?)| = 0, 



/ n i (iu)=i; 



a contradiction. This completes the proof. □ 

Lemma 9.10. Leip G X be a closed point, and let D be an effective divisor on X with local 
defining equation if at p. Then one has the inequality ord p (if) < deg is D, where s > 1 is an 
integer large enough that L s is very ample. 

Proof. The lemma is trivial if p ^ Supp(D), so assume p G Supp(D). Since L s is very ample, 
there exist global sections s±, . . . , s m of L s vanishing at p such that the U := Si jP G m p C Ox, P 
generate the tangent space at p. Replacing the by some i^-linear combination of the Sj if 
necessary, the Weierstrass preparation theorem gives that if can be decomposed in Ox,p as 
ip = uQ, where u is a unit and 

Q(t) = C + 9l{tu tm-l)tV + ■■■ + 9n(h, • • • , * m -i) 

is a Weierstrass polynomial of degree n = ord p (ip). It follows that 

dim^ O x ,p/ {(f,t u ..., t m -i) = dim K K[t m ]/(t^ n ) =n = ord p (^). 
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On the other hand, dim K Ox, p / (<£>, £i, • • • , i m _i) is exactly the local intersection multiplicity 

D • Div(si) Div(s m _i) at p. This is, of course, bounded above by the global intersection 

number D ■ Div(si) Div(s m _i) = deg LS D. □ 

Theorem 9.11. Let X be a smooth irreducible projective variety, and f: (X,L) — > (X,L) 
a separable polarized morphism of degree d > 2. Let v G X an be a tame valuation. Then the 
preimages of v equidistribute to the Dirac mass at the Gauss point of X an . 

Proof. Let (p G K(X) X be a nonconstant function, and let D\ and D 2 be effective divisors 
on X with Div(v?) = D 1 — D 2 . Let £ = red(w). Fix an n > 1, and let VijV^ e K(X) X be 
rational functions that are regular at every /"-preimage of £ such that ip = ipi/4'2- Then if 
w G f~ n {v) is any /"-preimage of v, 

\w(ip)\ = mvo - w (i>2)\ < ^(^l) + ^(^2). 



It follows from Corollary 9.8 that 

rrifn(w)\w(cp)\ < u(JV/n(V»i)) + v(Nfn(lf) 2 )). 

f n (w)=v 

By construction, t/> 4 is gives a local defining equation of Di at each £ G /~ n (£) for z = 1,2. 
Since Div(iVyn(?/>j)) = /™Div(?/>j), it follows that Nfn[ipj) is regular at £ and that it is a local 
defining equation for f™Di at £ for i = 1,2. 

By assumption v is tame, so there is a constant C > such that v < Cord^ on Ox,£- We 
then get the inequality 

Y rn f »(w)\w(<p)\ < Cord ? (A^ / n(^ 1 )) + CoTd^(N f n(i/; 2 )). 

f n (w)=v 

If p G X is a closed point specializing £ at which both Nfntyi) and Nfn{ip 2 ) are regular, 
then ord^iV/n^)) < ord^iV/n^j) for i = 1,2, giving 

rn fn (w)\w(ip)\ < C7ord p (AT / „(^ 1 )) + Coid p (N } n(^ 2 )). 

f n (w)=v 

Since iV/™ (^) is the local defining equation of f™Di at p, we have the estimate ord p (iV/n (fy)) < 
deg L 3 f™Di, where s > 1 is an integer large enough that L s is very ample. Thus 

m f n(w)\w(cp)\ < Cdeg L3 f:D 1 + C deg Ls f?D 2 = Cdeg fn , Ls D 1 + Cdeg fn , Ls D 2 

f"(w)=v 

= C d n ^- 1 \deg Ls D 1 + deg Ls D 2 ). 



This proves the estimate d mn ^2f^(w)=v m f n ( w )\ w ( i f) \ = 0(d Using [Proposition 9.9[ the 
preimages of v equidistribute to the Dirac mass at the Gauss point of X an . □ 
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